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Let X be a Banach space. Then X* contains an isometric copy of l ‘ if and
only if X* contains an asymptotically isometric copy of c . Q 2000 Academic Press0
A Banach space X is said to contain an asymptotically isometric copy of
Ž . Ž . Ž .c if there exists a null sequence « in 0, 1 and a sequence x in X0 n n n n
so that
< < < <sup 1 y « t F t x F sup tŽ . Ýn n n n n
n nn
Ž .for all t g c .n n 0
w xThis concept was introduced in 4 , where it is shown that if a Banach
space X contains an asymptotically isometric copy of c , then X fails the0
fixed-point property for nonexpansive self-mappings on closed bounded
convex subsets of X. Nontrivial examples of Banach spaces containing
asymptotically isometric copies of c and examples of Banach spaces0
containing c but not containing asymptotically isometric copies of c can0 0
w x w xbe found in 5, 7 . In 6 , an asymptotically isometric version of the classical
w xresult of Bessaga and Pełczynski 1, 3 on the containment of c in dual´ 0
spaces is proved. The aim of this article is both to provide an elementary
1 The author was supported in part by a Miami University Summer Research Appointment.
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w xproof of the main result in 6 and to extend this result. More precisely, we
prove the following:
THEOREM 1. The following conditions are equi¤alent for a Banach
space X :
Ž .1 X* contains an asymptotically isometric copy of c .0
Ž . ‘2 X* contains an asymptotically isometric copy of l .
Ž . Ž .3 There is a sequence x in the unit ball of X and a bounded linearn n
1 5 5 5 5 Ž .operator S: X “ l , with S F 1 and lim Sx y e s 0, where en“‘ n n n n
is the standard unit ¤ector basis of l 1.
Ž .4 X* contains an isometric copy of c .0
Ž . ‘5 X* contains an isometric copy of l .
Ž . 16 l is isometric to a quotient of X.
Ž .Before we get to the proof, a note on the unexplained term in part 2 of
Theorem 1 is in order. The notion of a Banach space containing an
‘ w xasymptotically isometric copy of l was introduced in 6 and is the
natural analogue to the concept of a Banach space containing an asymp-
Ž . Ž . Ž .totically isometric copy of c . The equivalence of 1 , 2 , and 3 was0
w xproved in 6 , but the proof we present here is much simpler than the proof
w xin 6 .
Ž . Ž . Ž . Ž . Ž . Ž . Ž .Proof. Clearly, 6 implies 5 , 5 implies 4 , 5 implies 2 , 4 implies
Ž . Ž . Ž . Ž .1 , and 2 implies 1 . To complete the proof, it suffices to prove that 1
Ž . Ž . Ž .implies 3 and 3 implies 6 .
Ž . Ž .1 « 3 . Suppose that X* contains an asymptotically isometric copy
Ž . Ž . Ž U .of c . Then there is a null sequence « in 0, 1 and a sequence x in0 n n n n
Ž . < < 5 U 5 < < Ž .X* so that sup 1 y « t F Ý t x F sup t for all t g c . Letn n n n n n n n n n 0
Ž .x ** be the Hahn]Banach extension to elements of X** of the linearn
Ž U . Ž U .functionals on the span of x that are biorthogonal to x .n n
Fix m g N and note that, for all elements x* of the form ÝN t xU ,ns1 n n
with N G m, we have
y1UU < < < <x x* s t s 1 y « 1 y « tŽ . Ž . Ž .m m m m m
y1 y1< < 5 5F 1 y « max 1 y « t F 1 y « x* .Ž . Ž . Ž .m n n m
1FnFN
5 UU 5 Ž .y1Consequently, x F 1 y « .m m
Choose z g X, with1
xU z s xUU xU s 1 andŽ . Ž .1 1 1 1
y1UU5 5 5 5z F 1 q « x F 1 q « 1 y « .Ž . Ž . Ž .1 1 1 1 1
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Ž U . Ž U .Since x is equivalent to the unit vector basis of c , x is weakly nulln 0 n
Ž U .and hence weak* null. Hence, by passing to a subsequence of x , wen nG 2
< U Ž . < yncan assume that x z - 2 « for all n G 2.n 1 1
w xBy Helly’s theorem 3, p. 14 , there is a z g X so that1
xU z s xUU xU for n s 1, 2Ž . Ž .n 2 2 n
and
y1UU5 5 5 5z F 1 q « x F 1 q « 1 y « .Ž . Ž . Ž .2 2 2 2 2
Ž U . < U Ž . <By passing to a subsequence of x , we can assume that x z -n nG 3 n 2
2yn« for all n G 3.2
Continuing in this manner, we can find, for each k g N, z g X, withk
xU z s xUU xU for each 1 F n F k ,Ž . Ž .n k k n
y1UU5 5 5 5z F 1 q « x F 1 q « 1 y « ,Ž . Ž . Ž .k k k k k
U ynx z - 2 « for all n G k q 1.Ž .n k k
1 Ž . Ž U Ž ..Define S: X “ l by S x s x x for each x g X. An easy compu-n
tation shows that
U5 5 < <S s sup u x : D ; N is finite and u s 1 for all n g D F 1.Ý n n n½ 5
ngD
Ž .Ž .y1 Ž .For each n g N, define x s 1 y « 1 q « z . Then x is an n n n n n
sequence in the unit ball of X and
ny1 ‘
U U U5 5Sx y e s x x q x x y 1 q x xŽ . Ž . Ž .Ý Ýn n i n n n i n
is1 isnq1
‘
y1 yiF 1 y « 1 q « y 1 q « 2 F 3« .Ž . Ž . Ýn n n n
isnq1
Ž . Ž .This completes the proof of 1 « 3 .
Ž . Ž . Ž .3 « 6 . Partition N into an infinite number of infinite disjoint
Ž . Ž . 1subsets N . Let z be dense in the unit ball of l . Define a map T :j n
l 1 “ l 1 by
‘ ‘ ‘
T a e s T a e s a z .Ý Ý Ý Ý Ýn n n n n jž / ž /
ns1 js1 ngN js1 ngNj j
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5 5Note that T s 1, so the operator R s TS has norm less than or equal
to 1. Let z be an element of the unit ball of l 1 and let « ) 0. Choose
5 5 5 5j g N so that z y z - «r2. Since lim Sx y e s 0 and N isj n“‘ n n j
5 Ž . 5infinite, choose n g N so that S x y e - «r2. Thereforej n n
R x y z s TS x y T e q T e y zŽ . Ž . Ž . Ž .n n n n
5 5F T S x y e q z y z - « .Ž .Ž .n n j
1 1Hence R B s B , where B and B are the closed unit balls of XŽ .X l X l
and l 1, respectively. It follows easily that the operator R: X “ l 1 is an
Ž w x. Ž . 1onto map see 3, pp. 72]74 and that Xrker R is isometric to l .
COROLLARY 1. If X contains an asymptotically isometric copy of c , then0
X** contains an isometric copy of l ‘.
Remark. The converse of Corollary 1 is seen to be false by considering
Ž ‘. 1the Banach space X s Ý [ l . Clearly, X does not contain an iso-n ln
Ž 1. ‘morphic copy of c . However, X* s Ý [ l contains an isometric0 n ln
copy of l 1 which is complemented by a norm 1 projection and so X**
‘ w xcontains an isometric copy of l . This example is due to Johnson 8 , the
details of which can be found in the monograph of Cembranos and
w xMendoza 2, Example 5.2.1 .
COROLLARY 2. If G is an uncountable set, then e¤ery equi¤alent renorm-
1Ž . 1ing of l G has a quotient isometric to l .
5 5 1Ž . Ž 1Ž . 5 5.Proof. Let ? be an equivalent norm on l G . Then l G , ? * is
‘Ž . ‘isomorphic to l G and hence contains an isometric copy of l , since G
w x Ž 1Ž . 5 5.is uncountable 9 . Thus, by Theorem 1, l G , ? has a quotient
isometric to l 1.
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